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CONVOLUTION POWERS IN THE OPERATOR- VALUED 

FRAMEWORK 

MICHAEL ANSHELEVICH, SERBAN T. BELINSCHI, MAXIME FEVRIER, AND ALEXANDRU NICA 

Abstract. We consider the framework of an operator- valued noncommutative probability 
space over a unital C*-algebra B. We show how for a B- valued distribution fi one can define 
convolution powers /i '' (with respect to free additive convolution) and fi^^ (with respect 
to Boolean convolution), where the exponent 77 is a suitably chosen linear map from B to B, 
instead of being a non-negative real number. More precisely, jj,^^ is always defined when rj 
is completely positive, while /x '' is always defined when r; — 1 is completely positive (with 
"1" denoting the identity map on B). 

In connection to these convolution powers we define an evolution semigroup {B,, | rj : 
B ^ B, completely positive}, related to the Boolean Bercovici-Pata bijection. We prove 
several properties of this semigroup, including its connection to the S- valued free Brownian 
motion. 

■^r ' We also obtain two results on the operator-valued analytic function theory related to 

^^ ' convolution powers /i ^ . One of the results concerns the analytic subordination of the 

. , Cauchy-Stieltjes transform of /i '' with respect to the Cauchy-Stieltjes transform of /i. 

i-Q ' The other one gives a S- valued version of the inviscid Burgers equation, which is satisfied 

jrt I by the Cauchy-Stieltjes transform of a B-valued free Brownian motion. 



> 

t:j- ' 1. Introduction 

o\'. 

00 . 1.1. Convolution powers with respect to ffl. The study of free probability was initiated 

CN I by Voiculescu in the early 1980s, and combinatorial methods introduced to it by Speicher 

t~^ ■ in the early 1990s. Soon thereafter both the analytic and the combinatorial aspects of the 

^^ i theory were extended (in [20] and respectively [16]) to an operator- valued framework. Very 

roughly, the operator-valued framework is analogous to conditional probability: instead of 
working with an expectation functional (for noncommutative random variables) which takes 
values in C, one works with a conditional expectation taking values in an algebra B. The 
;B-valued framework adds further depth to the theory; a notable example of this appears 
for instance in the relation between free probability and random matrices, where the paper 
of Shlyakhtenko [14] found relations between operator-valued free probability and random 
band matrices. 

An important role in free probability is played by the free additive convolution ffl. This 
is an operation on distributions which reflects the operation of addition for free random 
variables. When considered in connection to bounded selfadjoint variables in C-valued 
framework, ffl is an operation on compactly supported probability measures on M, and was 
studied from the very beginning of the theory [18, 19]. Also from the very beginning, 
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Voiculescu [19] introduced the concept of i?-transform R^ for such a probabiHty measure fi, 
and proved the hnearization property that R^mu = Rfj, + Ru ■ By using the i?-transform one 
can moreover introduce convolution powers with respect to ffl: for a compactly supported 
probability measure /j, and a real number t > 0, the convolution power /jP^ (when it exists) 
is the probability measure determined uniquely by the fact that 

(1.1) R^at=t-R^. 

It is known [11] that fi is always defined when t > 1. On the other hand there exist 
special distributions (the so-called infinitely divisible ones) where the "fflt" powers are de- 
fined for every t > 0. An important such example is provided by the standard semicircular 
distribution 7, which is the analog in free probability for the normal law. If we denote by 
7t the centered semicircular distribution with variance t (so that 7 becomes 71) then, in full 
analogy to the heat semigroup, these form a semigroup: 7^ ffl 7^ = jt+s for every s,t > 0. 
In other words, one has that 

(1.2) 7t = 7^*, Vt>0. 

Now let us move to operator-valued framework. Throughout the paper, B will be a fixed 
unital C*-algebra. The S-valued semicircular distributions form a class of examples that 
are relatively well understood (see e.g. [15]). Here the centered semicircular distributions 
are again indexed by their variances, but now these variances are allowed to be arbitrary 
completely positive maps ij : B ^ B (l) This motivates a question, explicitly asked by Hari 
Bercovici, of defining convolution powers fx "^ for general ,B-valued distributions fi, so that 
in particular one obtains the ,6- valued analogue of Equation (1.2): 



(1-3) 7r, = 7' 



1») 



where "7" stands now for the centered semicircular distribution having variance equal to 
the identity map on B. 

The answer to this question is one of the main results of this paper. Theorem 7.9. Since 
the rescaling by t from Equation (1.1) can be viewed as a particular case of composing 
the i?-transform with a positive map from B to B, we consider the problem of defining 
convolution powers // '' via the formula 

(1.4) R^a^=r]oR^, 

where rj : B —^ B is a completely positive map. Theorem 7.9 says that (1.4) meaningfully 
defines a distribution ^ ' whenever t] : B ^ B is such that ry — 1 is a completely positive 
map (and where "1" stands for the identity map on B). 

Here is the moment to make a clarification of our notations. We will use the notation 
S(5) for the space of all S- valued distributions; the elements of Ti{B) are thus positive B- 
bimodule maps n : B{X) —?■ B (see Section 2 below for notational details). A smaller class 
T,^{B) corresponds to the compactly supported distributions from the C-valued case. On 
the other hand we will use the notation T,aig{B) for the larger space of all unital S-bimodule 
maps fi : B{X) -^ B. It is easily seen that Equation (1.4) can be invoked to define the 
convolution power /U^'' G Ilaig{B) for every fi G Ilaig{B) and every linear map r] : B —^ B. 
The point of Theorem 7.9 is that upon starting with ^ in the smaller space S(;B) and with 
rj as described above, the resulting convolution power i^^ still belongs to S(,B). In order 
to arrive to this point, a key role in our considerations will be played by the interaction 
between free probability and a simpler form of noncommutative probability, called Boolean 
probability. We elaborate on this interaction in the next subsection. 
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1.2. Relations with Boolean probability. Boolean probability has an operation of 
Boolean convolution I+), which reflects the operation of addition for Boolean independent 
random variables. This in turn has a linearizing transform, which will be denoted in this 
paper by B^. (Usually the linearizing transform for ttl is rather denoted as "r/^", but in this 
paper r] is reserved for denoting variance linear maps on B.) If ^u is a compactly supported 
probability measure on M then one defines convolution powers with respect to 1+) by using 
the suitable rescaling of the i?-transform, 

(1.5) B^wt = t ■ B^. 

So far this parallels very closely the development of S-powers, with B^ being the Boolean 
counterpart of i?^. However, due to the simpler nature of Boolean probability, one now 
has [17] that fj!^^ is defined for every compactly supported probability measure on M and 
every t > 0. (In the Boolean world, every fi is l±)-infinitely divisible.) This fortunate fact 
can then be put to use in free probability due to the existence of a special bijection, called 
the Boolean Bercovici-Pata bijection [8], which links the i?-transform to the i?-transform. 
Moreover, the Boolean Bercovici-Pata bijection can be incorporated [3] into a semigroup 
{Bt I t > 0} of transformations on probability measures, which are explicitly defined in 
terms of convolution powers: 

(1.6) »,(,):=(.«<-))-'«'-, 

holding for every probability measure ^u on M and every i > 0. The original Boolean 
Bercovici-Pata bijection is B = Bi. The transformations Bj are sometimes said to give an 
"evolution towards ffl-infinite divisibility", due to the fact that Bt(;u) is ffl-infinite divisible 
for every jj, and whenever t > 1. 

The considerations from the preceding paragraph were given in the C-valued framework. 
But the interactions between free and Boolean probability turn out to continue to hold when 
one goes to operator-valued framework. Let us first concentrate on the sheer algebraic and 
combinatorial aspects of how this happens. Paralleling the ffl case, it is easily seen that one 
can define the convolution power fj!^^ £ T,aig{B) for every fi G T,aig{B) and every linear map 
rj : B ^^ B, hy simply making the requirement that 

(1.7) B^wv =r]o B^. 

It is however non-trivial how to combine the generalized convolution powers from (1.4) and 

(1.7) in order to create, for a general linear map a : B ^ B, a transformation Bq on T,aigiB) 
which is the analogue of B^ from Equation (1.6). This requires some departure from the 
techniques used previously in the C-valued case, and is achieved in Section 6 of the paper. In 
Theorem 6.4 we prove that the transformations Bq, : Tiaig{B) -^ Tiaig{B) which are obtained 
form a commutative (!) semigroup: 

(1.8) Bc,oB;3 = B„+^, ya,l3:B^B 

(we emphasize that in (1.8) the linear maps a and /3 are not required to commute). We 
show moreover that one has the formula 

(1.9) (»a{fi)) =^=(1+"), 



holding for every fi G T,aig{B) and every linear map a : ^ ^ ,B; so in the special case when 
1 + a is invertible, one can raise both sides of (1.9) to the power l±)(l + a)~^ in order to 
obtain a faithful analog of the formula (1.6) from the C-valued framework. 

While the space Tiaig{B) provides a nice larger environment which is good for algebraic 
manipulations, our interest really lies in the smaller spaces Ti{B) and T,^{B), consisting of 
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distributions which can appear in C*-framework. Thus it is of certain interest to look at the 
case when the Unear maps a, /3, rj that were considered above are completely positive (on the 
unital C*-algebra B that is fixed throughout the paper), and to establish conditions under 
which the corresponding convolution powers and/or transformations Bq, leave S(;B) and 
Ti^{B) invariant. We obtain this by using some suitable operator models for distributions in 
T,(B). Two such (relatively simple) operator models are described in Section 7 of the paper, 
and are used to prove that: 

(i) /u'*''' € S(;B) whenever ^ £ '^(B) and rj : B ^ B is a completely positive linear map 
(cf. Theorem 7.5); 

(ii) Bq,(;u) € '^(B) whenever /i G ^(B) and a : B ^ B is a completely positive linear map 
(cf. Theorem 7.8). 

Finally, we can now return to the point left at the end of subsection 1.1, and explain why 
is it that iJ,^^ G S(S) whenever ^ € ^{B) and r] : B ^ B is such that r] — 1 is completely 
positive: denoting ry — 1 =: a, we see from (1.9) that the distribution fi^ (which a priori 
lives in the larger space T,aig{B)) satisfies 

A.=''=(b„(^))^'; 

but the distribution on the right-hand side of the latter equation does belong to 'S{B), by 
virtue of the results (i) and (ii) indicated above. 



1.3. Relations to free Brownian motion, and to analytic functions. Consider again 
the C-valued framework, and the semigroup of semicircular distributions {jt | ^ ^ 0} from 
Equation (1.2). For a probability measure /i on M, the process {/x ffl 7^ | t > 0} is called the 
free Brownian motion started at /x. In [3, 4] it was observed that the transformations B^ 
from (1.6) are related to the free Brownian motion via an evolution equation of the form 

Bi($(/i)) =^{fim-ft), t>o, 

where <^ is a special transformation on probability measures (not depending on /i or t). 
In this paper we introduce the 0-valued analog of the transformation ^ (defined on lines 
similar to those of [4]), and we obtain the corresponding evolution equation, where the role 
of time parameter is now taken by a linear map rj : B ^ B. That is, we have that 

holding for n £ '^(B) and rj : B —^ B completely positive. This is obtained in Theorem 6.9 
(in a plain algebraic version) and in Corollary 7.11 (in the completely positive version). 

In a related development. Section 8 of the paper establishes some results concerning the 
operator- valued analytic function theory related to the convolution powers fi^. 

On the one hand we show that for rj as in Theorem 7.9 (that is, an rj such that rj — 1 
is completely positive) one has analytic subordination of the Cauchy-Stieltjes transform of 
H '^ with respect to the Cauchy-Stieltjes transform of /x. This is the ^B-valued analogue of a 
known fact from the C-valued framework [5, 6], but where now the subordination function 
is an analytic self-map of the set {b £ B \Qb > 0}. 

On the other hand, we show that the Cauchy-Stieltjes transform of the S-valued free 
Brownian motion started at a distribution ^ € T,^^'{B) satisfies a S-valued version of the 
inviscid Burgers equation. The occurrence of the Burgers equation in free probability came 
with a fundamental result of Voiculescu, where (in C-valued framework) the complex Burg- 
ers equation was found to be the free analogue of the heat equation. This means, more 
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precisely, that the complex Burgers equation with initial data the Cauchy-Stieltjes trans- 
form of a given probability measure /U on M is solved by the Cauchy-Stieltjes transform of 
the free Brownian motion started at fi. Theorem 8.3 of the present paper establishes the 
,6- valued analog of this (in fact of a slightly stronger result, given in [3], which is expressed 
in terms of the transformations Bj). 

1.4. Organization of the paper. Besides the present introduction, the paper has 8 other 
sections. Section 2 reviews some general background from ^-valued noncommutative prob- 
ability, then in Section 3 we set up the ;B-series machinery and the nesting structures 
corresponding to non-crossing partitions. Sections 4 and 5 set up basic definitions and re- 
sults concerning the operator-valued R and i?-transforms, and concerning a transformation 
RB (defined on i3-series) which connects them. The definition of convolution powers fi '^ 
and fj}^'^ is also given here. In Section 6, the transformations B^ are defined and shown 
to form a semigroup, and the evolution equation is proved. In Section 7 we describe the 
operator models and use them to prove the positivity results mentioned in subsection 1.2 
above. Section 8 contains the results on operator-valued analytic function theory which 
were announced in subsection 1.3. Finally, the main result in Section 9 is an alternative 
operator model for Boolean convolution powers. 



2. Preliminaries 

2.1. Free ;B-bimodule. Throughout the paper B will be a C*-algebra. For X a formal 
variable, denote 

(2.1) B{X) =l3®BXBel3XBXI3e... 

the algebra of all polynomials in X, with coefficients in B, and 

Bo{X) = BXB © BXBXB © . . . 

the polynomials without constant term. We will assume that X and B are algebraically 
independent. This means (by definition) that Equation (2.1) amounts to 



B{X)^^B^c, 



n=l 

the tensor product being over C The set B{X) is a i3-bimodule in the obvious way. 
In particular, a collection of C-linear maps fin ■ ^®c("--i) ^. g ^^n be combined via 

fj,[XbiXb2 ■ ■ ■ hn-iX] = Unih © 62 © • • • "X) bn-i) 

into a 5-bimodule map 

fi : B{X) -^ B 

such that n[b] = b for b a B. As already mentioned in the introduction, the set of all such 
maps will be denoted by Tiaig{B). 

If such a ^ is positive, we will refer to it as a conditional expectation, and omit the 
term "positive". Since S is a C*-algebra, by Proposition 3.5.4 of [16], in this case fj, is 
automatically completely positive. We will denote 

T,{B) = {(positive) conditional expectations fi : B{X) — > B} . 
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2.2. B-series. 

Definition 2.1. 1° We will use the name B-series for objects of the form 

(2.2) F=(/3n)n>l, 

where, for every n > 1, /3„ : ^"~i ^- ;S is a C- multilinear functional (with the convention 
that /3i is an element of B). The set of all ;B-series will be denoted by Ser(,B). 

2° For a series F as in (2.2), the functionals /3„ will be referred to as terms of F. We will 
use the notation 

(2.3) F["1 := ( n-th term of F ) , for F € Ser(S) and n > 1. 

3° On Ser(;B) we have some natural operations. In the present paper it is particularly 
important that for every C-linear map a : B —?■ B and every series F € Sei{B) one can 
define the composition q o F G Ser(S) by putting 

(2.4) (qoF)["1 :=aoF["l, Vn > 1 

(for n = 1, this just means that (q o Fy^' := a( F^^' ) € S). 

It is also clear that for Fi,F2 G Ser(,B) and Ai,A2 G C one can define the linear combi- 
nation AiFi + A2F2 € Ser(S) by putting 

(2.5) (AiFi + A2F2)W :=Ai-Fj"l + A2-Ffl, Vn > 1. 

This extends naturally to a ^-bimodule structure, where for b (z B and F G Ser(S) the new 
series bF and Fb are obtained by taking the linear map a from (2.4) to be given by left 
(respectively right) multiplication with b on B. 

Definition 2.2. Let ^ be a distribution in TiaigiB). The moment series of fi is the series 
M^ E Ser(S) with terms defined as follows: M/j = fi{X) and 

(2.6) MW(fei, • • • , bn-l) = fl[XbiXb2 ■ ■ ■ Xbn-lX] 
for every n > 2 and 61, ... , 6„_i € ,B. 

Remark 2.3. Clearly, the correspondence /U i-> M^ is a bijection between Tjaig{B) and Ser(yB). 
The example of moment series also explains why in Definition 2.1 we used the notation F^"' 
for a function of n — 1 arguments (the functional M/T : S"^"*^ -^ B really is some kind of 
"moment of order n" for ^). 

Remark 2.4. Let F be a ;B-series and let b be an element of B. In preparation of analytic 
considerations that will show up later in the paper, we mention that we will use the notation 



F(6) := fW + ^ fM (6, . . . , 6) G ^ 



n=2 

whenever the sum on the right-hand side of this equality converges (in the norm topology 
of the C* -algebra B). 

Remark 2.5. In order to justify the terminology introduced above, let us look for a moment 
at what this amounts to in the special case when B = C In this case what one does is to 
take a series with complex coefficients 



(2.7) f{z) = V anz 



00 

ra=l 
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and convert it into F = (-F'"^)ra>i, with F^^'^ = ai € C and where Ft"! : C"^-*^ ^ C is defined 
by 

f["](zi,... ,Zn~i) = anZi ■■■ Zn-1, Vn > 2 and zi,... ,z„_i G C. 

So here every F^"' is indeed a "term" in the writing of the series f{z) (under suitable con- 
vergence hypotheses, the right-hand side of (2.7) is the infinite sum XlnLi F^^'''[z, z, . . . , z)). 

2.3. Distributions in a ,B- valued C*-probability space. A B-valued C* -probability 
space is a pair (A^,E) where A^ is a C* -algebra such that M. ^ B and E : TW ^ S is 
a conditional expectation (a unital positive jB-bimodule map). 

If (7W,E) is a ,6- valued C* -probability space and ii X = X* £ M, then one defines the 
distribution of X as the conditional expectation nx G 5](jB) given by 

HxiboXbiX ■ ■ ■ Xbn] = ^[boXbiX ■ ■ ■ Xbn]. 

We will denote by 

TP{B) C S(S) 

the set of all /U arising in this way. Equivalently, ^ € Yj^{B) if for any state </> on B, the 
operator X in the GNS representation of {B{X)^(I) o ^) is bounded. More explicitly this is 
the case if for some M > and all 6i, 625 • • • ) &n-i € ^^ 

(2.8) \\^i[XbiX . . .bn-iX\\\ < M"||6i|| • II62II ••••• ||bn-i||- 
Moreover, the moment series of X is defined to be 

M^ := M^^ G Ser(S). 
Or in other words, one has M^' = E,[X] and 

MW (61, ... , bn-l) = E[XbiXb2 ■ ■ ■ Xbn-lX] 

for every n > 2 and 61, ... , 6n-i G S- It is worth noting that 

00 

(2.9) M,(6) = J;mW(6,...,6) 

n=l 

is an analytic map on {b £ B: \\b\\ < \\X\\~^}. 

We also mention here that the generalized resolvent (or operator-valued Cauchy-Stieltjes 
transform) of the distribution nx of a random variable X is defined by 



(2.10) G^,{b)=E[{b-X) 



-11 



This function of b is analytic on the set of elements b £ B for which 6 — X is invertible. The 
Cauchy-Stieltjes transform is particularly relevant in the context of fully matricial sets and 
maps [21]. Its natural domain in the C*-algebraic context is the set {b £ B: 96 > 0}. (By 
96 > we mean that there exists some e > so that 96 = (6 — b*)/2i > e ■ 1.) However, 
the equality 

G^^{b) = b-\Mx{b-') + l)b-^ 
is easily seen to be true for 6 invertible with ||6~^|| < HXH^-*^. 
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2.4. Independence and convolution. Let (A1,E) be a ,B-valued C* -probability space, 
and let A4i,M2, • • • , Mk be subalgebras of ^A which contain B. These subalgebras are said 
tohe freely independent with respect toE when the following happens: for any j(i) 7^ j{i+l), 
Xi G -Mj(i) with E,[Xi] = 0, and for any bo, . . .bn £ B, we have 

E [60X1 62^2 . . . Xnbn] = 0. 

Operators are freely independent if the *-subalgebras they generate over B are freely inde- 
pendent. 

Let (A1,E) be a S- valued C*-probability space, and suppose we have a decomposition 
A4 = B (B Mo (with multiplication {bi,mi) ■ {b2,m2) = {bib2,bim2 + m.162 + mim2))- 
Subalgebras M.i,Ai2, • • • , Alfc C M.o a-i'e Boolean independent with respect to E if for any 
i(^) / i(^ + 1)1 ^i £ -^j(i) f™ i / 1, n, Xj G ;B © M.j{i), i = l,n, and any bo, . . .bn € B we 
have 

E[6o^lfo2X2 . . . Xnbn] = boE[Xi]biK[X2] . . . E[X„]6„. 
Operators in Mo are Boolean independent if the *-subalgebras of Mo they generate over 
B are Boolean independent. 

If /x,z/ € '^{B), there exist freely independent symmetric (possibly unbounded) operators 
X, Y with nx = n, hy = i^- The distribution of X + 1" is uniquely determined by fi and v, 
and is their free convolution: 

^lmv■.= ^xx+Y(^^{B). 

Similarly, if X and Y are chosen Boolean independent, their distribution is the Boolean 
convolution of ^ and u, 

li\Su:= ^ix+Y es(^). 
As mentioned in the introduction, both ffl and 1+) have linearizing transforms, the R- 
transform and respectively the B-transform. For ^ € S(S) (and more generally, for ^ G 
Tjaig{B)) the i?-transform R^ and the B-transform B^ are series in Ser(;B); their precise 
definitions will be reviewed in Section 4 below. The linearization property is that 

RiMv = R^l + Ru and respectively B^i+jjy = B^ + B^, for every IJ.,!^ G ^i^)- 

3. ;B-SERIES AND NON-CROSSING PARTITIONS 

Remark 3.1. {NC{n) terminology.) 

The workhorse for combinatorial considerations in free probability is the set NC{n) of 
non-crossing partitions of {!,..., n}. In connection to it we will use the the standard 
notations and terminology, as appearing for instance in Lecture 9 of the monograph [12]. In 
particular the partitions in NC{n) will be denoted by letters like n, p, . . . (typical notation 
will be TT = {Vi, . . . ,Vk} G NC{n), where the Vi are the blocks of vr). We will also use the 
customary partial order given on NC{n) by reverse refinement: for vr, p G NC{n) we write 
"vr < p" to mean that every block of p is a union of blocks of vr. The minimal and maximal 
element of {NC{n), <) are denoted by 0„ (the partition of {1, ... , n} into n singleton blocks) 
and respectively 1„ (the partition of {1, . . . , n} into only one block). 

Remark 3.2. (Nested terms FW for F G Ser(S) and vr G NC{n).) 

Let a series F G Ser(S) be given. In this remark and in the next definition we explain 
how one naturally constructs a family of C- multilinear functionals F^"^' : B"'~^ -^ B, one 
such functional for every n > 1 and every vr G NC{n). If vr happens to be 1„ then we 
will just get fI-*^"] = fM^ the n-th term of the series F. For a general vr G NC{n), the 
point of view that works best when defining F^'^^ is to treat vr as a "recipe for nesting 
intervals inside each other". Indeed, the idea of nesting intervals has a correspondent in 
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the framework of multilinear functionals, where such functionals are nested inside each 
other by using parentheses. (Thus if tt is written explicitly, vr = {Vi, . . . , V^}, then F^'"' 
will be obtained by suitably nesting inside each other the functionals F^ l^^l \ . . . ,F^ 1^*^! 1.) 
This very fundamental relation between non-crossing partitions and multilinear functionals 
arising in ^B- valued noncommutative probability was put into evidence in [16]. 

We first explain how the things go on a concrete example. Consider a functional like 
L : B^ ^ B, where 

Libi,.. . ,64) := F[3](6iF[21 (62)63 , b,), for h^,...M(^B. 

In a very "literal" sense (from the point of view of a typesetter) the right-hand side of the 
above formula is of the form 

WihiW2h2WzhWibiW5 

where each of Wi, . . . , W5 is a string of symbols made out of left and right parentheses, 
commas, and the occasional "i^M". More precisely, we have 

Wi = "F[^1(" 

W2 = "F[21(" 

W3 = " ) " (only a right bracket) 

W4 = " , " (only a comma) 

W5 = ")" (only a right bracket). 

Conversely, suppose that somebody was to give us the words Wi, . . . , W5 listed above; then 
we could write down mechanically the sequence WihiW2b2W-ib^WibiW^, after which we 
could read the result as a legit expression defining a functional from B'^ to B. 

Now, L from the preceding paragraph turns out to be precisely the functional F^'^^ which 
corresponds to our fixed series F and the non-crossing partition tt = {{1,4,5}, {2,3}} € 
NC{^). This is because the words VFi, . . . , W5 are exactly those created by starting with 
this special vr and by applying the rules described in the next definition. 

Definition 3.3. Let F be a series in Ser(;B) and let tt be a partition in NC{n). For every 
1 < m < n we define a string of symbols, Wm, according to the following rules. 

• If m is the minimum element of block V oiir with \V\ = k>2, then Wm '■= "-F^'^] (" . 

• If m is the maximum element of block y of vr with \V\ > 2, then Wm = ") " (j^st 
a right bracket). 

• If 771 belongs to a block V oi ir where min(y) < m < max(y), then Wm = " , " (just 
a comma). 

• If m forms by itself a singleton block of vr, then Wm = "-F'^^" (no parentheses or 
comma besides the occurrence of F^^^). 

The C-multilinear functional F^'^^ : B"'^^ -^ B is then defined as follows: given 61, ... , 6„_i € 
B we form the string of symbols obtained by concatenating 

WibiW2b2 • • • Wn^lbn^lWn] 

then we read this as a parenthesized expression which produces an element b a B, and we 
define F^'"'{bi, . . . , 6„_i) to be equal to this 6. 

Remark 3.4. The special case tt = 1„ of the above definition leads to the formula 

^[in] =jpln]^ vn> 1. 

Indeed, in this case the string of symbols WibiW2b2 ■ ■ ■ Wn-ibn-iWn has Wi = "F["](", has 
Wn = ")", and all of 1^25 ■ ■ ■ 1 Wn~i are commas. 
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On the other hand for vr = 0„ we get the formula 

F[0"1(6i, . . . , bn-l) = FW61FW62 • • • i^Wftn-l • • • i^W 

(holding for every n > 2 and 61, ... , 6„-i G 13). 

Let us show one more concrete example, illustrating how the nestings and concate- 
nations of blocks of TT generate a parenthesized expression. Say that n = 6 and that 
7r = {{1,3, 4}, {2}, {5, 6}} G NC{6). Then the list of words H^i ,..., W'e used to define FW 
goes like this: 

Wi = "F[3](", W2 = "FW", W5 = "F[21(", 

while 1^4 and Wq are right parentheses and W3 is a comma. So the string of symbols 
Wibi ■ ■ ■ W^b^WQ gives us here the formula 

fW(6i, ... ,65) = f[3](6iFW62, 63)64Ff'kft5), V61, . . . , 65 G ^. 

We next record a general fact which follows from the procedure of constructing the 
functionals F^, and which will be used repeatedly in the sequel. 

Lemma 3.5. Let F be a series in Ser{B) and let p = {Vi, . . . , V^} be a partition in NC{n). 
Consider the formula defining the multilinear functional F^p^ : B"-"^ — > B. This formula has 
embedded in it some occurences of the functionals F^'^'', . . . ^F^' ''''. Suppose that we take 
some partitions tti € A^C(|Vi|), . . . ,iTk G A^C(|Vfej), and that for every 1 < j < k we replace 
the functional F^'^'' by the functional F^^^', inside the formula for F^^'. Then the formula 
defining F^^' is transformed into the formula for F^'^', with it G NC{n) defined as follows: 

vr = TTi U • • • U vffc, 

where, for every 1 < j < k, we denote by tFj G NC{Vj) the non-crossing partition obtained 
by relabelling ttj. 

Proof. Look at the string of symbols Wibi ■ ■ ■ Wn-ibn-iWn which is used in the definition 
of Fp, and follow how the words Wi, . . . , Wn are changed when one replaces every Fll v'U by 
p[T^j\^ 1 < j < k. It is immediate that the ensuing string of words is exactly the one which 
appears in the definition of F^'"'. D 

Remark 3.6. At some points throughout the paper we will need a variation of the construc- 
tion of FW which involves coloured non-crossing partitions. For the sake of simplicity, we 
discuss here the situation of colourings which use two colours. Given a partition n G NC{n), 
a colouring of vr is then a map c : vr -^ {1,2} (that is, a procedure which associates to every 
block y of TT a number c{V) G {1, 2}). For such vr and c one can talk about "mixed nested 
functionals" of the form 

(3.1) (F,G)["'^] 

where F,G are two series in Ser{B). The object in (3.1) is a multilinear functional from 
B^~^ to B, constructed by the same method as in Definition 3.3, but which uses some terms 
of F and some terms of G (depending on what is the colour of the corresponding block of 
TT - blocks of colour 1 go with F, and blocks of colour 2 go with G). 

Concrete example: take again the case when tt = { {1, 3,4}, {2}, {5, 6} } G NC{6), as we 
illustrated at the end of Remark 3.4. Suppose that vr is coloured so that c({l,3,4}) = 1, 
while c( {2} ) = c( {5, 6} ) = 2. Then the list of words Wi, . . . , Wq that we use is changed in 
the respect that we now have 

Wi = "F[3](", W2 = "GW", W5 = "G[21(", 
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(while W4 and Wq still are right parentheses, and W3 is a comma). The string of symbols 
Wibi ■ ■ ■ W^b^WQ thus gives the formula 

(F, G)[^'^l(&i, ■■■,h) = f[3](6iGW62 , &3 ) ^4 ^[21(65), V61, . . . , 65 G e. 

Clearly, the same idea of colouring can be used when more than two colours are involved, 
in order to define for instance mixed linear functionals of the form 

(3.2) (F,G,i7)[^'^l 

where F, G, H are series in Ser(S), tt is in NC{n), and c : vr — > {1, 2, 3} is a colouring of vr 
in three colours. 

Remark 3.7. (Interval partitions.) 

At various points in the paper we will need to look at functionals F^^' (as introduced in 
Definition 3.3) in the special, simpler, case when vr is an interval partition. We record here 
the formula that is relevant for such a special case. 

A partition vr = {Vi, . . . , V^} of {1, . . . , n} is said to be an interval partition when every 
block Vi is of the form [p, g] n Z for some 1 < p < q < n. The set of all interval partitions of 
{1, . . . ,n} will be denoted as Int(n). It is clear that Int(n) C NC{n), but it is occasionally 
preferable to think of Int(n) as of a partially ordered set in its own right, with partial order 
"<" still given by reverse refinement. It is easily seen that (Int(n), <) is then isomorphic 
to the partially ordered set of subsets of{l,...,n — 1}. 

Now let F be in Ser(;B) and let vr be a partition in Int(n). Let us write explicitly 
TT = {Vi, . . . , Vfc}, with the blocks Vi picked such that min(yi) < min(V2) < • • • < min(Vfc). 
Consider the numbers 1 < qi < q2 < • • • < Qk = n obtained by putting 

gi = |"^i| + |"^2| + --- + |V-|, l<i<k. 

It is then immediate that the multilinear functional F^"^' : B"'^^ -^ B acts by 

fW(6i,...,6„_i) = f[«i](6i,...,6,,_i)6,,x 

xFfe-''il(6,,+i,...,6,,_i)6,,...6,,_,F[^'=-«-il(6,,_,+i,...,6,,_i), 
for 61,. . . ,6„_i G B. 

4. R-TRANSFORM, B-TRANSFORM, AND CONVOLUTION POWERS 

In Section 2 we saw that the map ^ 1— ?• M^ is a bijection from Tiaig{B) onto Ser(6). 
In this section we will review two other important bijections from Tiaig{B) onto Ser(6), 
which associate to every n its i?-transform and its 5-transform. Both these bijections 
can be treated combinatorially by using some bijective self-maps of Ser(jB) - one bijection 
which connects the moment series M^ to the i?-transform R^, and another bijection which 
connects the moment series M^ to the S-transform B^, n G T,aig{B). For lack of better 
names, we will use the notations RM and respectively BM for these two self-maps of Ser(6). 
It is useful that RM and BM can be introduced by explicit summation formulas which don't 
make reference to distributions, as follows. 

Notation 4.1. For F G Ser(;B) we denote by RM (F) the series G G Ser(S) with terms 
defined as follows: 

(4.1) gM := Yl ^^^'' Vn>l. 
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Remark 4.2. By making appropriate use of Lemma 3.5, one finds that Equation (4.1) extends 
to the formula 

(4.2) Gl^l = Yl ^'^'' 

TT(^NC{n), 

■!T<p 

holding for all n > 1 and p € NC{n). One then invokes the Mobius inversion formula for 
the poset NC{n) in order to invert (4.2); this leads to the formula 

(4.3) fI^I = Y^ Moeb(^,/9)GW, 

7reAfC{n), 
7r<p 

holding for n > 1 and p G NC{n), and where "Moeb" stands for the Mobius function of 
NC{n) (see e.g. the review of Moeb made in Lecture 10 of [12]). In particular, the terms 
of the series F can be recaptured via the formula 

(4.4) fW = Y Moeb(^,l„)GW, Vn>l. 

-K&NC{n) 

From here one immediately finds that the map RM : Ser(,B) -^ Ser(5) is a bijection, having 
for inverse the map G >-^ F described by Equation (4.4). 

Definition 4.3. For every distribution p £ T,aigiB), the series 

(4.5) i?^ := mr\M^) G Ser(^) 
is called the R-transform of p. 

The construction of the bijection BM and the definition of the i?-transform associated 
to a distribution p G Tiaig{B) are done in exactly the same way, but where now instead of 
NC{n) one uses the smaller poset Int(n) of interval partitions. 

Notation 4.4. For F G Ser(S) we denote by BM [F] the series G G Ser(;S) with terms 
defined as follows: 

(4.6) G["1 := Y ^'^^' Vn> 1. 

7relnt(n) 

Remark 4.5. Exactly as in Remark 4.2, one sees that Equation (4.6) extends to the formula 

(4.7) G^P^ = Y ^^^'' 

7relnt(n), 
7r<p 

holding for all n > 1 and p G Int(n). One then uses Mobius inversion in the poset Int(n) in 
order to invert (4.7). Since Int(n) is isomorphic to a Boolean poset, this inversion process 
is in fact quite straightforward, and leads to the formula 

(4.8) F^P^= Yl (-1)1^1-1^1 gW, 

7relnt{n), 
7r<p 
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holding for n > 1 and p G Int(n). In particular, the terms of the series F are recaptured 
from G via the formula 

(4.9) fM = Yl (-1)'^'"^^^, Vn>l. 

7relnt(n) 

In this way it becomes clear that the map BM : Ser(,B) -^ Ser(,B) is a bijection, having for 
inverse the map G >-^ F described by Equation (4.9). 

Definition 4.6. For every distribution fi G T,aig{B), the series 

(4.10) Bf, := BM~\ M^ ) G Ser(S) 

is called the B-transform of n. Note that in many sources this would be called "the r/-series 
of //" , but we reserve the letter r] for maps and covariances. 

Now, with definitions laid out as above, there is no problem to define generalized convo- 
lution powers with respect to ffl and tt), as follows. 

Definition 4.7. Let // be a distribution in T,aig{B), and let a : B ^ B he a linear map. 

1° We will denote by //^" the distribution in T,aig{B) which is uniquely determined by 
the fact that its i?-transform is 

(4.11) R^mc, =aoR^. 

2° We will denote by /j!^"' the distribution in T,aig{B) which is uniquely determined by 
the fact that its S-series is 

(4.12) S^ttjc =aoB^. 

Remark 4.8. Directly from the above definition, we have semigroup properties for each of 
the two types of convolution powers. More precisely: for every fi G Y,aig{B) and every linear 
maps a, (3 : B ^ B we have 

^ma^^ = ^a(/3o«) and (/i^")^^ = a^^^'^""). 

5. The bijection connectinc R-transform to B-transform 

We continue to use the framework from the preceding two sections. We will now examine 
another bijective self-map of Ser(B), which combines the two bijections R^ >—^ M^ and 
Bfj^ >—^ Mfj_ discussed in Section 4, and acts by the prescription that 

R^ ^ B^, fl€ ^alg{B). 

It is useful that this bijection can be introduced by a direct combinatorial formula, without 
making explicit reference to the transforms R and B. The direct formula will be given in 
Definition 5.2, then the "i?^ i-^ B^" property will be derived in Proposition 5.4. 

In order to state Definition 5.2, we first review a few more details of the combinatorics 
of iVC(n). 

Remark 5.1. (The partial order <C in NG{n).) For vr, p G NC{n) we will write "vr ^ p" to 
mean that n < p and that, in addition, the following condition is fulfilled: 

. . J For every block W of p there exists a block 

^ ' ' I F of vr such that uim{W) , m.ax{W) G V. 

It is immediately verified that "^" is a partial order relation on NC{n). It is much coarser 
than the reverse refinement order, and differs from it in several respects. In particular. 
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observe that {NC{n),<^) has many maximal elements: they are precisely the interval par- 
titions, and for every tt € NC{n) there exists a unique interval partition p such that n <^ p. 
(The blocks of this unique interval partition p are in some sense the convex hulls of the 
outer blocks of vr.) 

A special role in the subsequent calculation will be played by the partitions vr € NC{n) 
such that vr <C In- The latter inequality means (obvious from the definition) that vr has a 
unique outer block, which will be denoted by Vo{tt). 

Definition 5.2. We define a map RB : Ser(;B) — )■ Ser(S) in the following way: for every 
F G Ser(fi) we put RB(F) to be the series G G Ser(S) with 

(5.2) GM = Y^ F^^\ Vn>l. 

7reAfC(n) 
7r<l„ 

Remark 5.3. 1° It is useful to invoke once again Lemma 3.5 in order to note that Equation 

(5.2) extends to the formula 

(5.3) Gl^l = Y^ fW, 

7r6AfC(n) 

holding for every n > 1 and every p G NC{n). 

2° The notation " RB " used in Definition 5.2 is meant to be suggestive of the fact that we 
are dealing with the map which "converts the i?-transform into the i?-transform" (as will 
be proved in the next proposition). This map and its properties were previously studied in 
[2], [4], in the framework of multi- variable distributions over C. A comment on notation: 
the papers [2], [4] use the fairly widespread name of "?7-series" for the i?-transform of a 
distribution p; as a consequence, the map which connects the transforms is called there by 
the more sonorous name of "Reta", rather than RB. 

Proposition 5.4. The maps RM, BM from Section 4 and the map RB from Definition 5.2 
are related by the formula 

(5.4) BMoRB=RM. 

As a consequence, it follows that RB is a bijection from Ser{B) onto itself, and has the 
property that 

(5.5) RB{R^) = B^, \fpei:aigil3). 

Proof. For the verification of (5.4) let us consider a series F G Ser{B) and let us make the 
notations 

RB(F) =: G, then BM(G) =: H. 

We have to prove that H is equal to RM(F). In order to verify this, we pick a positive 
integer n and we calculate: 

^M ^ Y G'^I (by the definition of BM) 

pelnt{n) 

= ^ I' ^ fW) (by Equation (5.3)). 

pelnt{n) neNC{n) 
n<Sip 
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We next observe that the double sum which has appeared is in fact just a sum over tt € 
NC{n); this is due to the observation, recorded in Remark 5.1, that for every vr G NC(n) 
there exists a unique p G Int(n) such that vr <C p. So then our calculation for H^"^' becomes 

^N = Y^ fW = ('RM(F)y"', 

7r6VC(n) 

and the equality RM(F) = H follows. 

Since we saw in Section 4 that each of the maps RM and BM is a bijection from Ser(;B) 

to itself, the formula obtained in (5.4) implies that RB = BM o RM has this property as 
well. 

Finally, in order to obtain Equation (5.5) we write 



BM(^RB(i?^)j =RM{R^) (by (5.4)) 

= M^ (by the definition of RM) 

= BM{B^) (by the definition of BM). 

Since BM is one-to-one, it follows that RB(i?^) = B^, as claimed. D 

In the discussion about the transformations B^ of next section, we will need to extend 
Definition 5.2 to a family of bijective maps RB^ : Ser(5) -^ Ser(,B), where a runs in the set 
of linear transformations from B to B. The original RB from Definition 5.2 will correspond 
to the special case when a is the identity transformation of B. The definition of RBq(F) is 
obtained by substituting a o F instead of F on the right-hand side of Equation (5.2), but 
where we make one important exception to this substitution rule: for every vr € NC{n) 
such that TT <C In; the unique outer block of vr still carries with it a term of the series F 
(not substituted by the corresponding term of q o F). Because of this exception, the formal 
definition of RBq(F) will thus be phrased in terms of colourings of non-crossing partitions, 
as discussed in Remark 3.6 - specifically, we will use the colouring of vr <C 1„ where the 
unique outer block K)('/r) of vr is coloured differently from the other blocks. 

Definition 5.5. 1° Let vr be a partition in NC{n) such that vr ^ 1„ We will denote by o^^ 
the colouring of tt defined by 

o (y) = I ^' '^^ = ^°(^) 

""^ > \ 2, if F is a block of vr such that V ^ V;(7r). 

2° Let a : B ^ B he a. linear transformation. We define a map RBq : Ser(^) —?■ Ser(,B) in 
the following way: for every F £ Ser(S) we put RBq(F) to be the series G G Sev{B) with 

(5.6) G["1 = Y, (i^,aoF)[^'0-], Vn > 1 

7reVC(n) 
7r<l„ 

(and where the right-hand side of Equation (5.6) follows the notations introduced in Remark 
3.6). 

Remark 5.6. 1° In order to get a better idea about how RB^ works, let us write down 
explicitly what Equation (5.6) becomes for some small values of n. We have 

gW=fW, gP](6) = f[21(6), 
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Gt^l (61 , 62) = Ff^l {bi , 62) + f''^ ( 61 a( f''^ ) 62 ) , 

+ F[3l(6i,62a(FW)63)+F[2l(6i(aoF[2l)(62)63) 
+ Ft^l ( 61 a(FW) 620(^^)63). 

2° From the above definitions it is immediate that the map RB from Definition 5.2 
becomes RBi, where 1 : B ^ B is the identity. Let us also note that if we denote by 
: B —?■ B the map which is identicahy equal to 0, then RBq is the identity map on Ser(;B) 
(indeed, in the sum on the right-hand side of Equation (5.6) the only term which survives 
is the one indexed by 1^, and thus we get G^"^' = F'"^ for every n > 1). 

3° Clearly, the definition of RB^ was made in such a way that we have 

(5.7) aoRB„(F) = RB(aoF), VF G Ser(^). 

In the case when a is invertible, one can thus introduce RBq, by the simpler formula 

(5.8) RB„(F) = a-^oRB(aoF), F G Ser(S). 

The summation formula used in Equation (5.6) is more tortuous, but has the merit that it 
works without assuming that a is invertible. 

4° The main point we want to make about the maps RB^ is that they form a commutative 
semigroup under composition. This is stated precisely in Proposition 5.9 below. In the proof 
of Proposition 5.9 we will use an important property of the partial order <C, reviewed in 
Proposition 5.8, which essentially says that <ti has "some Boolean lattice features" embedded 
into it. 

Definition 5.7. Let tt, p be partitions in NC{n) such that it <^ p. A block F of vr is 
said to be p-special when there exists a block W of p such that min(y) = min(iy) and 
max(y) = inax{W). 

Proposition 5.8. Let vr € NC{n) he such that vr <^ 1„, and consider the set of partitions 

(5.9) {p £ NC{n) I ^ < /9 < !„}. 

Then p 1-^ {V £ tt \ V is p-special} is a one-to-one map from the set (5.9) to the set of 
subsets of IT. The image of this map is equal to {5J C vr [ 5J 9 Vo{it)}. 

For the proof of Proposition 5.8, the reader is referred to Proposition 2.13 and Remark 2.14 
of [2]. 

Proposition 5.9. For any linear transformations a, f3 : B ^ B, one has that 

(5.10) RBa o RBfi = RBa+l3. 

Proof. Let F be a series in Ser(;B), and let us denote RB^(F) =: G, RBq,(G) =: H. We 
have to prove that H = RBq+^(F). For the whole proof we fix a positive integer n, for 
which we will verify that the n-th term of H is equal to the n-th term of RBq,_|_^(F). 
From the definition of RB^ it follows that we have 

(5.11) 1/1"]= Yl {G,PoG)^P'°^l 

p£NCin), 

P<ln 
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Fix for the moment a partition p € NC{n) such that /? ^ 1„. Let us write exphcitly 
p = {Vi, . . . ,Vk}, where Vi is the block which contains l,n. Then (G, /3 o Gy^''^''^ is a 
multihnear functional from B'^~^ to B, and its explicit descriptions involves the functionals 

G[|V'il]and/3oG[l^2N,...,/3oG[|V'.l] 

nested in various ways (with each of these functionals used exactly once, and with Giy^i 
appearing "on the outside"). Let us next replace each of G' I^^' J, . . . , G^ I^*^' ^ from how 
they are defined (in reference to the terms of F and of a o F) in Equation (5.6). This gives 
us the functional (G, /3 o G)'''' expressed as a sum of the form 

(G,/3oG)[^'°''l = Y^ term^, 

7reAfC{n), 

where every functional termor : B"^^^ -^ B is obtained by nesting (in the way dictated by 
the nestings of blocks of tt) some terms of the series F,ao F and (3 o F. (It is important to 
note here that, because of how our definitions are run, we never get to deal with terms of 
the functional a o /3 o F.) A moment's thought shows in fact that the precise formula for 
termTT is 

term^ = {F,aoF,/3o F)^""^"^'"^ 

where the colouring Cj^^p of vr goes in the way described as follows: we colour a general block 
y of TT by putting 

r 1, ify = K(7r) 
c-K,p{V) = ■{ 2, if y is /O-special but V ^ Vo{tt) 
[3, if y is not /5-special. 

Returning to the formula for H^"^', we have thus obtained that 

jj[n] ^ Y ( Yl (F,QoF, /SoF)!^'^--"]). 

p&NC{n), n£NC{n), 

P<ln 7r<P 

Change the order of summation, this becomes 



7reAfC(n), p&NC{n), 

7r>dn such that 

7r<p<l„ 

Fix vr and use the parametrization of {p € NC{n) | vr ^ p ^ 1„} provided by Proposition 
5.8. Then group together a's and /3's into occurrences of a + /3 - we arrive exactly at the 
description for the n-th term of the series RBq+^(F). D 

Corollary 5.10. Let a : B ^ B be a linear transformation. The map RB^ '■ Ser{B) —?■ 
Ser{B) is bijective and has inverse equal to RB^a- 

Proof. This is immediate from Proposition 5.9 and the fact that RBq is the identity map 
on Ser(i3). D 
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Remark 5.11. From the above corollary we get in particular an explicit formula for the 
inverse of the original bijection RB from Definition 5.2. Indeed, this inverse is 

RB^^ = RB]^^ = RB_i, 

with (—1) : B —?■ B being the map b >—?■ —b. But when we invoke Equation (5.8) in the 
special case of a = —1, the series a^^ o RB(a o F) from its right-hand side simply becomes 
— RB(— F). We are thus led to the conclusion that the inverse of RB acts by 

(5.12) RB'\f) = -EB{-F), VFGSer(S). 

6. The transformations Bq, 

In this section we continue to use the framework and notations considered in Sections 
3-5. 

Definition 6.1. The Boolean-to-free Bercovici-Pata bijection is the map B : T,aigiB) — > 
T,aig{B) defined via the requirement that 

(6.1) Rm[,i] = B^, for ^ G T.aig{B). 

Remark 6.2. From the discussion in Section 4 it is clear that B is indeed a bijection from 
^aig{B) to itself; indeed, one can write B = R~^ o5, where the bijections R,B^ : T,aig{B) -^ 
Ser:{B) are defined by sending /x i— )• R^ and respectively fj, i-> B^, for fi € Tiaig{B)). The 
bijection B is important because it has meaning in analytic framework, where it sends 
general distributions to ffl-infinitely divisible distributions. (In the C- valued framework, 
this was found by Bercovici and Fata [8] . The i3- valued version of the result was recently 
established in [7].) 

In this section we show how the bijection B from Definition 6.1 is incorporated into a 
semigroup of bijective transformations of 'SaigiB), defined as follows. 

Definition 6.3. Let /U be a distribution in Tiaig{B) and let a : i5 — > ,B be a linear map. We 
define a new distribution Ba(//) € T,alg{B) by requiring that its i?-transform is 



(6-2) i?Bc(^) — RB^f i?^ 

In this way, for every fixed a we get a map Bq, : Y,aig{B) -^ T^aigiB). 

Theorem 6.4. 1° For any two linear transformations a, 13 : B —^ B one has that 

(6.3) MaOBf3=Ma+l3. 

2° Let : B ^ B be the linear transformation which is identically equal to 0. Then Bq is 
the identity map on Sa/g(6). 

3° For every linear transformation a : B —^ B, the map B^ : 'SalgiB) —^ 'SalgiB) is 
bijective, with inverse equal to B_a. 

4° Let 1 : B ^ B be the identity transformation. Then Bi = B (the Bercovici-Pata 
bijection reviewed in Definition 6.1). 

Proof. In order to prove 1°, let us fix a ;U € Tiaig{B) and show that 

(6.4) B,(B^(^))=Bq+^(/x). 
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We do this by verifying that the distributions on the two sides of Equation (6.4) have the 
same i?-transforni. Indeed, by starting from the left-hand side we can write 






RBq,_|_^ ( i?^ ) (by Proposition 5.9) 



^B^+fiifi)- 



Statement 2° is immediate from the fact that RBq is the identity map on Ser(i3), and 3° 
is an immediate consequence of 1° and 2°. 

Finally, for 4° let us fix a /i € 'SaigiB) for which we prove that Bi(^) = B(^). We do this 
by verifying that the two distributions in question have the same i?-transform: 



-^Bi(^) — RBif i?^ 

= Rb(rA (since RBi = RB) 
= B^ (by Proposition 5.4) 

= ^B(/^) • 

D 

In Definition 6.3, the distribution Bq,(^) was introduced via a prescription on what is its 
i?-transform. We observe next that we could have equally well made the definition by a 
very similar prescription phrased in terms of S-transforms. 

Proposition 6.5. For every fi G T,aig{B) and every linear transformation a : B ^ B one 
has that 

(6.5) B^^(^^) = RB^{B^). 
Proof. We calculate: 

= -Rb„+i(^) (by 1° and 4° of Theorem 6.4) 
= RBQ,_|_i(i?^) (by the definition of Bq+i) 
= RB„('RB(i2^) ) (by Proposition 5.9) 

= RB„(S^). 

D 

Yet another way of approaching the transformations B^ can be obtained in terms of ffl 
and 1+) convolution powers. 

Proposition 6.6. For every fi € T,aig{B) and every linear transformation a : B ^ B one 
has that 

/ \ l+)(l+o) _,_, , , 

(6.6) (B„(m)) =^=(i+"). 



As a consequence, if a : B ^>- B is a linear transformation such that 1 + a is invertible, then 
the map B^ : Yjaig{B) -^ T,aigiB) can be described by the formula 

(6.7) B„(^)=(AiS(l+°)) , ll^^alg{^). 
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Proof. We verify that the distributions on the two sides of (6.6) have the same S-transform. 
We start from the left-hand side: 

-^(Bc(/i))^(i+") = (1 + a) o ^(b„(m)) 

= (1 + a) oRBa{B^) (by Proposition 6.5) 

= (l + a)oRB„(RB(i?^)) 

= (l + a)oRBi+,(i2^) 

= RB( (1 + a) o i?^ ) (by Remark 5.6.3) 

= RBI R m(i+a) 



D 



We conclude this section by showing how the transformations Bq, relate to the ,B-valued 
free Brownian motion. We do this by putting into evidence a transformation "$" which is 
the ;B-valued analog for the transformation with the same role (and same name) that was 
introduced in the C-valued framework in [3, 4]. This operator- valued version of $ is intro- 
duced in Definition 6.8 below, on a line similar to the one used in [4] in the multi-variable 
C-valued framework. Before stating that, we briefly recall here some basic terminology 
related to ^-valued semicircular elements and free Brownian motion. 

Definition 6.7. For a linear map rj : B ^ B, we denote by 7^ the distribution in T,aig{B) 
which is uniquely determined by the requirement that its i?-transform acts as follows: 

i?|j =r], and R^^^^ = for every n / 2. 

This 7^ is called the B-valued semicircular distribution of variance r]. In the case when r/ is 
completely positive, the distribution 7^ belongs to T,^{B) (see e.g. [15, 16]). 
For fi € Tjaig{B), the collection of distributions 

{^ S 7^ \ rj : B ^ B, linear} 

is sometimes referred to as the "jB- valued free Brownian motion started at fi" . 

Definition 6.8. For /3 : B{X) —?■ B a C-linear map, define <5[/3] G Tiaig{B) by prescribing the 
S-transform of <I>[/3] to act as follows: 

<m = ^ ^ 

and then 

$ is clearly a bijection 
$ : {C-linear (3 : B{X) -^ B} ^ {unital S-bimodule maps n : B{X) -^ B s.t. ij.\bxb = 0} . 

Note that if /3 G T.aig{B), then B^^j^^lbi] = 61 and for n > 2, 

B^^l^ [61, 62, . . . , fon-l] = felMt"-'! [62, . . . , bn-2]bn-l. 

Theorem 6.9. Let a : B —^ B be a linear transformation, (3 G Tiaig{B), and {7a} the 
B-valued semicircular distribution with covariance a. Then 

(6.8) $[/3ffl7j=]B, [$[/?]]. 
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Proof. We prove that the distributions on the two sides of Equation (6.8) have the same 
S-transforni. For n = 1, 

For n > 2, 



B 



<I>[/3ffl7> 



[n-2]. 



^^[bi,b2,...,bn^l] = 6lM^g^J(62,...,6n-2)fen-l 



Y, Y. fol(",^/3)'"''-'^'^k&2,...,6n-2)6n-l 



7rGVC(n-2) SCtt 

VG5=>|V|=2 



Y E (l,«,«/3)'"''^-"-^k^l,&2,...,6n-2,fe 



n-i;, 



where 



and 



7r<l„ Vo(7r)eSC7r 
|Vo(7r)|=2 yg5.^|y|=2 



_ I 1, [fV eS 

''^'^'^ ~ 1 2, if y 5 



1, iiV = Vo{7r) 

cn,s,2 = <; 2, if y G 5 but y / K(7r) 

_3, ify0 5. 
On the other hand, 

4"J[*[/3]][&1'^2, . . . ,&n-l] = RB„(B<,[^])W[6,,62, . . .^bn-l] 

P<Cln 

Note that BJg^ = 0, so the sum above can be restricted to p each of whose classes contains 
at least 2 elements. 

Given vr and S = {Vi, . . . , V^} as above, we define a partition 

/(7r,5)=p=([/i,...,[/fe)«l„ 

as follows: Vi C Ui, and a G C/j if for some b,c (z Vi, b < a < c, and for any j ^ i and 
d, e € V^-, d < a < e implies d < b < c < e. Conversely, given p = {Ui, . . . , C/fc) each of 
whose classes contains at least 2 elements, Vi = {min(t/j),max(C/j)}, and 

TT = TTl U • • • U vffc, 

(in the notation of Lemma 3.5), where ttj <C If/^, |y,(7rj)| = 2. See also Proposition 5.4, 
Theorem 6.2 and Remark 6.3 of [4], or Theorem 11 of [1]. To finish the proof, it suffices to 
show that for each /? ^ 1„, 

(Bc,[^],aoB$j^])[AOp][5^,52,...,6n-i]= E (l,a,^/3)'"''^'^''k&i,&2,---,&„-2,&„-i) 

(T,5)e/-i(p) 

= E (l,a,^/3)f"''--^-^'(fel,&2,...,6n-2,6n-l). 

■7r=7rrU---U7Tfc 

|K(7?i)|=2 
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Since, subject to these conditions, the {ttj} can be chosen independently, it suffices to prove 
this equahty for each class Ui £ p separately. If Ui ^ Vq (/?) , the expression is 

(a o i?.,[^])[l^'l] [61, 62, ... , 6|[/,|-i] = a[P[biXb2X . . . Xb\u^\.^] 

= Y. (a,^/3)f"'°^k&l,&2,...,6n-2,V,|-l)' 
|Vo(7f;)|=2 

while for Ui = Vo{p) the expression is the same without a. The result follows. D 



7. Operator models 

In the remainder of the paper, we will denote by CViB) the space of completely positive 
C-linear maps on B. 

Construction 7.1. Let A € -B be symmetric, and /3 : B{X) — t- B be a C-linear, completely 
positive map. Define the ;B- valued inner product on Bq{X) by 

(7.1) {boX . . . Xbn, coX... Xck)fi = cWicl-i^ ■ ■ ■ X4boX . . . Xbn-ljb^. 

Note that a general element of Bo{X) is of the form Y17=i Pi^bi, with Pi G B{X), and 

/ n n \ 71 

since /? is completely positive. It follows that this inner product is positive. It may be 
degenerate; however, we will only use this construction for combinatorial computations of 
moments and cumulants. 

Lemma 7.2. Consider the vector space B{X) = B(BBq{X) with the B-valued inner product 

{b (Bm,b' Q) "m,') = {b')*b + (m, rn''j„ . 

On this vector space, we define maps 

a*{beboX...Xbn) = oexb, 

p{b e boX . . . Xbn) = © XbaX . . . Xbn, 
and 

a{b ®boX... Xbn) = P[boX . . . Xbn-i]bn © 0, 
in particular 

a{b®boX) =/3[6o]©0. 
Then p and a* + a are symmetric. Therefore the operator 

X = a*+a + p + X 
is also symmetric. It follows that 

l^{x,p) ■■ B{X) ^ B, 
defined via 

p^x,(5) [bo^ . . . Xbn] = {{boX . . . Xbn){l © 0), 1 © 0) 
is a conditional expectation, P{\^p) € '^{B). Moreover, if f3 satisfies the boundedness condi- 
tion (2.8), then pi^x,ii) G ^^{B). 
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Proof. We check the first statement. Indeed, 

(a* {bmboX... Xhn),c ® cqX . . . Xck) = {fd® Xh,c® cqX . . . Xck) 

= cW[cl_^X...Xcl]b 
= (6 0, a{c e cqX . . . Xck)) 
= (6 b^X . . . Xbn, a{c cqX . . . Xck)) 

and 

{p{b © boX . . . Xbn),c CqX . . . Xck) = (0 XboX . . . Xbn, c © cqX . . . Xck) 

= cll3[4^^X . . . XclXboX . . . Xbn-l]bn 
= {beboX ... Xbn, XcqX . . . Xck) 
= (6 boX . . . Xbn, pic © CqX . . . XCk)) . 

It fohows that /U(A,/3) G ^i^)- Finally, if /3 satisfies (2.8) with constant M and ||A|| < M, 
then from equation (7.2) below. 



\f,^x^p)[XbiX . . . bn-iX]\\ < 2"M" ||6i|| • II62II • . . . • \\bn-l 



D 



are 



Lemma 7.3. The Boolean cumulant functionals -B(a,/3) of iitx,^ 

rW _ X 

^(A,/3) - ^ 
and 

Sg^)(6i, 62, . . . , bn-l) = (3[blX . . . Xbn-l]. 

Proof. Using the definition X = a* + a + p + X and the definitions of a* , a,p. A, 

fi^X,^)[Xbi . . . bn^lX] = {{Xbi . . . bn-lX)il © 0), 1 © 0) 

n 

(7.2) =Y1 Yl ^[biX...bi,-i]bi,P[bi^+iX...bi^^i]b,^ 

k=l l<ii<i2<---<«fc=™ 

■■■K^il^iK-i+1^ ■■■bn-l], 

where /3[0] = A. On the other hand, combining the last formula in Remark 3.7, Notation 4.4, 
and Definition 4.6, we get 

n 

mW(6i,...,6„_i) = J] Y, 5^(61,..., 6,,_i)6,,S^(6,,+i,...,6,,_i)6,, 

fc=l l<n<i2<---<Jfe=n 

• • • ^«fe-l-^M(^ifc-i + l' • • • ' bn~l)- 

Comparing these two formulas, we get the result. D 

Compare with Theorem 5.6 of [13]. 

The following result follows from Lemma 2.9 and Theorem 2.5 of [13], but for completeness 
we provide a shorter proof for our case. 

Lemma 7.4. Let fi G S(S). Then for some symmetric element X G B and a C-linear, 
completely positive map (3 : B{X) — > B, we have 

l^ = ^(A,/3)- 
If fi & T,^{B), then (3 satisfies condition (2.8). 
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Proof. Put on B{X) the ,B-valued inner product 

{boX . . . Xhn, cqX . . . Xck)^ = ^.[clXcl^^X . . . Xclb^X . . . Xbn^iXbn], 

and denote by 7i the corresponding S-inner product biniodule. We wih identify elements 
of B{X) with corresponding operators acting on Ti on the left. Denote 

p : c ^ m 

the orthogonal projection from Ti onto B C Ti, and let P-*" = I — P, so that 

p^:c^c-m- 

We write 

e = P^X ■l = X - fi[X] G n. 

Finally, denote T = P XP ; clearly T is a symmetric operator on "H. 

Now using the fact that P and P-^ commute with B (in their actions on Ti), and 

{xPC-i,i)^ = f^[xUC], 

we compute 

^i[boXbi . . . bn~iXbn] = bo {Xbi . . . bn-iX ■ 1, 1)^ 5„ 

= bo (xbliP + P^)Xb2 . . . bn^P + P^)Xbn-liP + P^)X ■ 1, l\ bn 



Y^ Y^ bol^hP^X ...P-^Xbi,.iP-^X -1,1) bi^ 

k=l l<ii<i2<---<ik=n 



. . . h,_^ {^Xh,_, + iP^X . . . P^Xbn-lP^X ■ 1, I) bn 
n 

= E E ho{brTb2...Tb,,^ii,i)^h, 

k=l l<ii<i2<---<ik=iT- 

■ ■ ■ bik^i {bik-i+iT ■ ■ ■ Tbn^iC, C)^ bn- 

Note that we have used the bimodule property of the /i- inner product. Comparing with 
formula (7.2), we see that fi = /ti(A,/3) for 

\ = {X.l,l)^ = f,[X], 

and 

(3[biXb2 . . . Xbn] = {blTb2 . . . Tbnt C)^ • 

Clearly A is symmetric, and since T is symmetric, (3 is positive. In fact, 

n 

E Cj*/3[(^i,i'^&i,2 • • • Xbi^^i))*{bj^iXbj^2 ■ ■ ■ Xbj^kU))]cj 

n 

= E {(K^Ph^ • • • Tbi^k{i)T{bj,iTbj^2 ■ ■ ■ Tbj^k{j))^Cj,^Ci)^ 

In n \ 

= ( E'^^*'i-^^*'2 • • • PKk{i))ici, E(^«:l^^«,2 • • • Tbi^k{i))iCi ) > 0, 



ii=l j=l 



so 13 is completely positive. If ;U G TP{B)^ then, since ||T|| = ||P-'-^P-'-|| < \\X\\, (3 satisfies 
condition (2.8). D 
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Theorem 7.5. For any n € S(,B) and a G CV{B), the functional /i'*'" G 5](^). Moreover, 
iffi€T,^{B), so is n'^'^. 

Proof. By the preceding lemma, fi = /U(a,/3) for some (A,/?). Moreover, replacing the pair 
(A, /?) with the pair (a[A], a o /3) gives another pair of the same type, so that for ^(Q,[A],ao/3); 

^{a[A],ao/3)(^l' ^2, • • • , 6n-l) = a [sJJ^^^ (6i, 62, . . . , 6n_l) 

for any n > 1. So by Definition 4.7, 

M(q[A],qo/3) - M(A,/3)- 
The statement about T,^{B) also follows from the preceding lemmas. D 

Corollary 7.6. For any freely infinitely divisible /i € 'S{B) and any a £ CV{B), the func- 
tional /i^" G S(^). Moreover, if fi e S°(-B), so is /i^". 

Proof. Theorem 3.4 of [7] shows that the Bercovici-Pata bijection B from Definition 6.1 
maps S(B) bijectively onto freely infinitely divisible elements of S(0), Ti^{B) bijectively 
onto freely infinitely divisible elements of T,^{B), and intertwines l±) and ffl. So the result 
follows from the preceding proposition. D 

Remark 7.7. The preceding corollary can also be proved directly. The full Fock module 
over Bo{X) is the S-bimodule 

00 
T{Bo{X)) = 0^0 W®« = ^ e Bo{X) e (BoiX) ®B Bo{X)) e . . . . 

fc=0 

Given A and /3 as in Construction 7.1, on J^{Bo{X)), define the ;B- valued inner product by 

(6'^---'»6,Cl'»--- (^Cn) ='^fcnUn,(^n-l,---(6,Cl)/3---Cn-l) Cn) , 

where (-,•)« is given in formula (7.1). Again, positivity of the inner product follows from 
complete positivity of /3; compare with Definition 4.6.5 from [16]. On J^{Bo{X)), we define 
maps 

a*{^l(g)...fg)^n)=X(g)^l(g)...(g)^n, 

and 

a(ei . . . ^„) = (6, ^)/3 6 ® • • • «) Cn- 

Then as in Lemma 7.2, p, a* + a, and 

X = a*+a + p + X 
are symmetric, and the functional fi defined via 

H[boX...Xbn] = {{boX...Xbn)l,l) 

is a conditional expectation. By definition (cf. Section 4.7 of [16] or Section 3 of [13]), the 
conditional expectations arising in this construction are precisely all the freely infinitely 
divisible ones. Moreover, this ^ = M[fifx,i3)]j ^'^d the conditional expectation arising from 

(a[A],ao/3) is;u=". 

Theorem 7.8. For each a G CViB), B^ maps T.{B) to itself. 
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Proof. Let /U G '^(fS), so that /U = ^(a,/3) for some A,/? as in Construction 7.1. Modify the 
construction in Remark 7.7 as fohows. On J^(Bo{X)), define the ;B- valued inner product by 

in particular 

Keep a*, j», and a(^) the same, and let 

for n > 2. Also, let L(^) = A^ while L(^i (g) . . . (g) ^„) = a[A]^i . . . (g) ^„ for n > 2. Then 
again, X = a* + a + p + L is symmetric, and the functional fia defined via 

is in T,(B). But now it is easy to check that B^^ = RBQ,(i3^), which implies that /Xq, = 

B„(^). D 

Theorem 7.9. Let /U G 5](5) and a G CV{B) such that a — \ is completely positive. Then 
the functional ^^" G S(S). //^ G S°(e), so is ^^3". 

Proof. The left-hand-side of the formula (6.6) in Proposition 6.6 is well-defined and positive 
by the preceding proposition, therefore so is the right-hand-side. The boundedness also 
follows. D 

Remark 7.10. Note that we assume ^[1] = 1, and ^ is a /B-bimodule map, so the restriction 
^[b is the identity map, and ^ is an analog of a probability measure. On the other hand, /3 
is not necessarily a ^-bimodule map, and the restriction /3|g is a general completely positive 
map. So /3 is an analog of a general finite measure. 

Corollary 7.11. For completely positive /3, 

So <I> is also a bijection 

<I> : {C-linear, completely positive (3 : B{X) — > ,B} ^ {^u G S(,B) s.t. ^\bxb = 0} . 
with a restriction to /3 satisfying (2.8) and fi G 'E^{B). It also restricts to a bijection 
$ : {C-linear, completely positive /3 : B{X) — t- B s.t. /3|g = /} 

^ {^ G S(5) s.t. ii\bxb = 0, l^[XbX] = b} . 

Remark 7.12. For /3 completely positive but not necessarily a ,B-bimodule or a unital map, 
]Bq[<1>[/3]] G S(S) and is centered, so by the preceding corollary it is in the image of <1>. 
Therefore following Theorem 6.9, one can define 

and this transformation preserved complete positivity. One can define the same extension 
of the free convolution operation using combinatorics, but in that case positivity is unclear. 

8. Analytic aspects: analytic subordination and the operator-valued 

iNvisciD Burgers equation 

This section is dedicated to a brief outline of some analytic consequences and aspects of 
our previous results. 
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8.1. The operator- valued analogue of the free heat equation. One of the funda- 
mental results of Voiculescu was finding the free analogue of the heat equation. If X = X* 
is free from the centered semicircular random variable S of variance one, then 

dG(t,z) ^, ,dG(t,z) 

g^ ' + G{t, z) y^ ' = 0, 9z>0,t>0, 

where 

G{t,z) = Gx+^^s{z) = / — — d^x+Vts- 

J^Z — X 

We shall naturally extend this to the case when X and S are free over 0, the S-valued cen- 
tered semicircular random variable S has variance r/ and its evolution is as before according 
to (completely) positive maps p: B ^ B. 

We shall consider maps CV{B) x B ^ B analytic on some open set in the second coordi- 
nate, and Gateaux differerentiable in the first. 

Proposition 8.1. Assume that the map h satisfies 

(8.1) h{'n,b) = ho{b + i]{h{i],b))), i]eCV{B),Qb>0. 

If ho is analytic on the set {beB:Qb>0} and h{r], b) : CV{B) x {& G S: 96 > 0} ^ {5 G 
B: ^b > 0}, then the following equation is satisfied: 

where p £ CV{B), rj G Int(C'P(B)), and 96 > 0. The derivative with respect to b is in the 
Frechet sense and the derivative with respect to rj is taken in the Gateaux sense. 

Proof. The proof simply consists in applying the corresponding definitions and the "chain 
rule." Let r] and p be as above. Strictly for convenience, we shall write oj = uj{ri,b) = 
b + r]{h{r], 6)) and express the above in terms of oj as 

uj{r], b) = b + v(.ho{uj{v, b))), r] G CV{B),Qb > 0. 
Then 
/g 2) lini ^i'n + 'tp^b) -uj{r],b) ^ ^.^ (r? + tp){ho{uj{r] + tp, 6))) - r]{ho{uj{r], 6))) 

t^o t t-^o t 

The right hand side is easily seen to be equal to 

(8.3) p(M.(r,. m + (r,oh^i.(,.m (ju, -(" + tp,b) - <^(V,'>) 

Frechet differentiating in the variable b, we obtain 

(8-4) — -^ — =ldt3 + r]ohQ{u{r],b))o — — — , 

where the above is an equality of linear endomorphisms of B. From (8.2) and (8.3) we easily 
obtain 

(8.5) ^^^ -^iv + tp,b)-u^{v,b) ^ (id^_^o/,-(^^,6)))~^(p(/^o(^(r/,6)))), 

while (8.4) assures us that the linear operator Idg — rj o hQ{oj(rj, 6)) is indeed invertible, as 

(8.6) (Mb - r/ o h',{uj{7j, b))) o ^^^^ = Idg. 
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Combining (8.5) and (8.6) provides us with the differential equation satisfied by uj^ which 
is of interest in its own right: 

(8-7) ^^^^(P) = ^^^^^(/>(/io(^(^,fo)))), S6 > 0,r? G CV{B) invertible, p G CV{B). 
We recall the definition of oj and note that /i(?7, b) = hQ{u}{rj, b)) in order to obtain 

PiKv, b)) + V (^^(P)) = P(M^, b)) + (^ o ^^) (p(M^, 6))), 
and we conclude by the invertibility oi rj. D 

Remark 8.2. Let us justify why maps satisfying the conditions of the above proposition are 
important for our paper. 

A bit of review: denoting G^(6) = b^^ + b^^Mfj_{b^^)b^^ (recall Equation (2.10)), we 
observe that Gf^{b) = fi[{b — X)''^~\ is an extension of G^ to elements 6 G -B, 3=6 > 0. As 
noted in [21], Gf^{b) is invertible in B whenever 96 > and moreover, 9(G^(6)^^) > 96. 
We also record here the fact that, as shown in [20], one has 

(8.8) ^i [(1 + bR^{b) - bX)-^] = 1, ||6|| small. 

Now, let us denote hf^{b) := G^{b)^^ — 6, 96 > 0. It follows easily from the definition 
of Bfj^ that B^{b) = —h^{b^^). Using the definition of the transformation Bq,, we note that 
hM„(fi){b) = (l + a)"-^/i/,EB(i+c)(6) = hf,{b + a{l + a)-^h^m{i+c){b)) = hf,{b + ahn^(_^){b)). (We 
have used the equation (4.12) for the first equality, equation (4.11), equation (8.8), as well 
as analytic continuation for the second, and direct substitution from the first for the third 
equality.) Thus, taking /i(r/, 6) = h^ (^)(^)) provides us with an example of a map satisfying 
the conditions of the above proposition. 

Theorem 8.3. Assume that X = X* and S are free over B and S is a B-valued centered 
semicircular of invertible variance rj. If we denote G{r],b) = nx+s \{b — X)~'^^^, 96 > 0, 
then 

«(P) + «WO(,,6))) = 0. 

where p G CV{B), rj G Int((J'P(S)), and 96 > 0. The derivative with respect to 6 is in the 
Frechet sense and the derivative with respect to rj is taken in the Gateaux sense. 

Proof. This is an immediate consequence of Proposition 8.1, Theorem 6.9 and the above 
remarks. Indeed, as we know that the i?-transform of S is i?^g(6) = r/(6), it follows that 

R^^s+xib) = R^^xib) + R^.sib) = Rf^xib) + ^(&), \\b\\ smaU. 

After adding 6~^ to both sides of the above equation, the definition of the ii-transform 
in terms of G^^(6) = p-x [{b — -V)'^] allows us to re-write it as 6 = r] {GfMx+sib)) + 
G7^^{G^j^^g{b)). This equation holds when 96 > and ||6^^|| is small enough. Moving 
V {Gfix+s(b)) to the left, composing with G^^ on the left and applying analytic contin- 
uation allows us to find the condition of Proposition 8.1 satisfied by Hq = —G^^ and 
h{ri,b) = —G^^^g{b), for all 6 with strictly positive imaginary part. D 

8.2. Analytic subordination for G ma. Given p G S(C), an observation important in 

the study of the semigroup {/U^* : t > 1} was that its Cauchy-Stieltjes transform satisfies 
an analytic subordination property in the sense of Littlewood: for each t > 1 there exists 
an analytic self-map ojt of the complex upper half-plane so that G^ o ujt = G mt , as shown 
in [5, 6, 9]. We shall present our result in terms of analytic functions on {6 G ,6: 96 > 0} 
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as in [20, 10], but it is fairly straightforward to see that aU functions involved have fully 
matricial extension in the sense of [21]. 

Theorem 8.4. For any fi G T,^{13) and a G CV{B) so that a — 1 is still completely positive 
there exists an analytic function Wq : {b (£ B: 96 > 0} ^^ {6 G S : 96 > 0} so that G^ olo^ = 
G ma ■ The function oj^ satisfies the functional equation 

(8.9) uja{b) = h + {a-l)h^{uc,{h)), 96 > 0. 

Proof. Let /: {6 G S: 96 > 0} x {6 G B: 96 > 0} -^ {6 G B: 96 > 0} be given by 
f{b,w) = b + (a — l)h^{w). As shown in [7, Remark 2.5], 9/i^(ttj) > whenever '^w > 0. 
Moreover, as it is known from [13] that h^{w) = cy[{X — 6)^-*^] — ^[X] for a completely 
positive map a of norm equal to the variance of ^, on the set {w ^ B: 9tt; > 96/2}, h^ is 
uniformly bounded by M^ = 2\\^[X]\\ + 4||a||cp • MX ■ X] - ^[X] ■ fi[X]\\^^ ■ ||[96]-i|| + 2. 
Thus, the map /(6, •) maps the set {w ^ B: Qw > 96/2, ||ti;|| < 2Mf,} inside its interior, 
and so, by [10, Theorem 3.1], there exists a unique fixed point of this map in the interior 
of this set. Thus, cUq, is indeed well-defined. Moreover, 

a;«(6)= hm /(6, /(6, ■ ■ ■ /(6,^) • • • )) 

n times 

for any w G Mf,, 96 > 0, which means that oja is locally the uniform limit of a sequence of 
maps which are analytic in 6, and hence it is analytic itself. 

Now, equation (8.9) is equivalent to the equation aiOa{b) + (1 — a)G^{cOa{b))~^ = 6, 
96 > 0. If G^ o Ua = G ma indeed holds, then we must be able to verify the relation 
Wa(6~^ + aR^^{b)) = b^^ + Rfj_{b); replacing in the above form of (8.9) gives a{b~^ +R^{b)) + 
(1 — a)G^{b^^ + R^{b)) = b^^ + aR^{b), a relation trivially true from the definition of the 
i?-transform. All these formulas hold for 6 invertible of small enough norm. Analytic 
continuation allows us to conclude. D 

While, like in [6], we have proved in the above proposition the existence of the subordi- 
nation function without any recourse to any other tool except for analytic function theory, 
unlike in [6], we are not able to conclude from the above the existence of ;U^". The missing 
ingredient is a good characterization of maps on the operatorial upper half-plane which are 
operator-valued Cauchy-Stieltjes transforms. 

9. Examples 
Example 9.1. For X £ B symmetric, we define 6\ G Ti^{B) by 

6x[XbiX...Xbn\ = \bi\...Xbn 
or more generally /i[i^] = -P(A). Then 

Example 9.2. If 7^ is a centered ^B- valued semicircular distribution, then 

R^^[XbiXb2 . . .bn^lX] = 6nMbl]- 

So 

In = (7/)^'' • 

In forthcoming work we will describe 0-valued free Meixner distributions, which include 
the examples above as well as many others. 

The following definition generalizes Definition 4.4.1 of [16]. 
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Definition 9.3. Let u G 5](,B), and a € CV{B). The generalized free compound Poisson 
distribution tt^^ € S(S) is determined by 

i?_ffl = [l — a) o 5q + a o u 

or more precisely by 

i?g (6i,62,...,&„-i) = a[MW(&i,ft2,...,6n-i)" • 

In particular, ir^a — (^[?/)^"- Similarly, generalized Boolean compound Poisson distribu- 
tions are determined by 

4"J (6i,62,...,6„_i) = a[MM(6i,62,...,b„-i) 

Example 9.4. Let S = M2(C), z^ = (5i, and 



a [5] 



:%)H\i. 



Suppose 7r|^Q, = vr^^^ for some fx € S(,B) and t > 0. Then 

MN(?,i,52,...,fen-i) = 7i?i1 (6l,62,...,6n-l) 



1 

-a 



mN(6i,62,...,6„_i)J =-a[6i62 



^n-l • 



In particular, 



/i[(l - 6A:')*(1 - 6^")] = 1 - bfi[X] - ^i[X]h* + ii[Xb*hX] = 1 - -{ha[l] + a[l]6*) + -a[h*h]. 
So for a as above and b = ( q o )> 

M(i-6A'r(i-6A')] = (Vi^*) 

is not positive. It follows that such /i, t do not exist, and so the class of distributions in the 
preceding definition is wider than Definition 4.4.1 of [16]. 

We end the paper with an alternative operator model for Boolean compound Poisson 
distributions. 

Example 9.5. Let ;^ be a Boolean compound Poisson distribution. Also, let a : B ^ Bhe a, 
completely positive map which has the special form a\b] = (1 + e)6(l + e*) for some e €z B. 
We can choose a noncommutative probability space {A4 = B(BMoj IE, B) and a selfadjoint 
noncommutative random variable Y £ Mq satisfying 

My = B^. 

By taking a further Boolean product (with amalgamation over B) we may assume that Mq 
contains an element Q which is Boolean independent from Y over B and satisfies 

E(Q) = e, VarQ(&) = 6, 

where 

VarQ(6) = E((l + Q*)h{l + Q)) - E(l + Q*)&E(1 + Q). 

Theorem 9.6. In the setting of the preceding example, let 

T = {l + Q)Y{l + Q*). 
Then the distribution ofT is n'^"'. 
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Proof. By Boolean independence of Y and Q, 

mP = E(r) 

= (l + E(Q))E(y)(l + E(Q)*) 
= (l + E(g))MW(l + E(Qr), 

soM^ =a(MW). 

In] 

To compute Mj. (6, . . . , 6) for n > 2 and b £ B, we set, 

i?i := (1 + Q*)bi{l + Q)-bi = Q*bi + biQ + Q*6iQ. 
Note that Ri € Alo- Then, since Ri is Boolean independent from Y over ,B, one has: 

m]?1(6i,62,...,6„-i) 

= E(T6iT62---T&„_iT) 

= E((l + Q)Y{1 + Q*)6i(l + Q) • • • y(l + Q*)6„_i(l + Q)Y{1 + Q*)) 

= E((l + Q)Y{bi + i?i)y • • • (6„_i + Rn^i)Y{l + Q*)) 

^ E((i + Q)(y6i...6„,_iy)i?„, 



Rmi+...+mp-i[Ybmi+...+mp-i+l ■ ■ ■ bn-lY){l + Q ^ 

J2 m + QMybi---hrr,,-iY)E{R„J 

<...<mp=n 

■ ■ ■ E(i?™,+...+™^_ jE(y6™,+...+™^_,+i . . . 6„_iy)E(l + Q*) 

Y, E(l + Q)M|"i](6i,...,6™,_i)E(i?™J 

l<mi<...<mp=n 

■ ■ ■E(i?mi+...+mp_i)^Y ^ (&mi+...+mp_i+l, • • • ,^n-l)E(l + Q*). 

Now using 

EiRi) = Ei{l+Q*)biil+Q))-bi = Ya.rQibi)+E{l+Q*)biEil+Q)-bi = E(l+Q*)6iE(l+Q), 

we get 

MJ"l(6i,62,...,&n-i) 

Y, (E{l + Q)M^p\bi,...,b^,^i)E{l + Q*))bm, 



■ ■ ■ 6„,+...+„^_, (^E(l + Q)M|:"^J(6„,+...+„^_,+i, . . . , 6„_i)E(l + Q*) 
Using Mobius inversion and formula (4.6), it follows that 

Bp\bi,b2, . . . , bn-i) = E(l + g)MP(6i, . . . , 6„_i)E(l + Q*) 
= (l + e)MP(foi,...,6n-i)(l + e*) 
= (l + e)i?N(6i,...,6„„i)(l + e*) 
= a(i?N(6i,...,6„„i)). 
This proves that the distribution of T is iJ^" . D 
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